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Abstract

In this paper two stable and explicit numerical methods to integrate the one-dimensional (1D) advection–diffusion equation
are presented. These schemes are stable by design and follow the main general concept behind the semi-Lagrangian method by
constructing a virtual grid where the explicit method becomes stable. It is shown that the new schemes compare well with analytic
solutions and are often more accurate than implicit schemes. In particular, the diffusion-only case is explored in some detail. The
error produced by the stable and explicit method is a function of the ratio between the standard deviation σ0 of the initial Gaussian
state and the characteristic virtual grid distance �S. Larger values of this ratio lead to very accurate results when compared to implicit
methods, while lower values lead to less accuracy. It is shown that the σ0/�S ratio is also significant in the advection–diffusion
problem: it determines the maximum error generated by new methods, obtained with a certain combination of the advection and
diffusion values. In addition, the error becomes smaller when the problem becomes more advective or more diffusive.
© 2008 IMACS. Published by Elsevier B.V. All rights reserved.

Keywords: Advection–diffusion equation; Numerical stability; Explicit numerical methods

1. Introduction

Numerical instability is a major problem for operational weather and climate prediction models which also afflicts
several other meteorological and environmental applications [4,6,7]. Stability problems are often associated with the
non-linear advection and diffusion components of the equations that form the basis of many of these models and
applications.

A well-known and important example is the non-linear vertical diffusion equation due to the parameterization of
subgrid scale boundary layer turbulence in the atmosphere and in the ocean [1,3,17]. Vertical diffusion algorithms
are constrained by the large (in stability terms) time steps imposed by numerical stability considerations related to
the large-scale (mostly two-dimensional) transport. This implies that non-linear vertical diffusion algorithms are often
utilized with time steps many times larger than required for stable explicit algorithms.
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There are also many situations when both advection and diffusion terms are important and a transport equation needs
to be solved as a whole. In the context of the vertical turbulent transport equations in atmospheric and ocean models
there are many examples of this type of situation. These include the one-dimensional (1D) vertical advection–diffusion
of general atmospheric constituents (e.g. aerosols, chemical species) in the boundary layer as well as recent eddy-
diffusivity/mass-flux parameterizations of turbulence and convection [12,14], and are basically the main motivation of
the research presented in this manuscript.

For the large-scale part of weather and climate prediction models there has been a widespread use of semi-Lagrangian
(SL) methods during the last decade or so, in order to tackle the numerical stability problems associated with large-scale
advection. The recent use of SL methods, which are explicit methods where a virtual grid is constructed with grid-sizes
which are as large as necessary to maintain stability for an explicit algorithm, has been pioneered by Robert [10,11].
Ritchie et al. [9] discuss the way in which the SL scheme was implemented in the European Centre for Medium-Range
Weather Forecasts (ECMWF) global numerical weather prediction model. Studies of the SL method in the context of
climate models can be found, for example, in Williamson [21], Williamson and Olson [22] and Williamson et al. [23].
There are today several papers discussing the SL technique in atmospheric models and detailed reviews can be found
for example in Staniforth and Côté [15] and Smolarkiewicz and Pudykiewicz [13].

The vertical diffusion equation used for the parameterization of turbulence is typically solved in weather and climate
prediction models using an (quasi) implicit method where the variables themselves are considered implicitly in time,
while the eddy-diffusivity coefficients are considered explicitly. This method however, does not solve the numerical
stability problem due to the strong non-linearities present in the equations and the large time steps that need to be
used, often imposed by efficiency constraints on the large-scale part of the model (e.g. [1,3,17]). Due to these stability
problems a scheme usually referred to as “more-than-implicit” or “over-implicit”, which corresponds to an implicitness
factor larger than 1 has been used in some weather and climate prediction models (e.g. [5]).

In Teixeira [16], hereafter T99, a stable and explicit diffusion solver was introduced. This method follows the main
general concept behind the SL scheme, by generating a virtual grid with grid-sizes that are as large as necessary in
order to guarantee the stability of the explicit diffusion algorithm. In T99 it was shown that for many situations the
new method is more stable and more accurate than the implicit scheme. This method has been recently extended
successfully to the reaction-diffusion equations [18] and to the vertical turbulent diffusion equation [19].

It is the main objective of the present work to extend the underlying concept of T99 to the advection–diffusion
equation. Section 2 describes the two stable explicit solvers for the one-dimensional transport equation. Performance
analysis of both methods is presented in Section 3. Section 4 summarizes our findings.

2. Stable explicit advection–diffusion solvers

2.1. Explicit method

The one-dimensional advection–diffusion equation for a generic tracer A has the form

∂A
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+ u
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)
. (1)

Assuming that grid spacing is uniform and that the advection velocity u and the diffusion coefficient k are constant and
positive, discretizing the equation explicitly in time, centered in space (for diffusion term) and upwind (for advection
term) gives
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or

At+�t
x = β̃At

x+�x + (1 − α̃ − 2β̃)At
x + (β̃ + α̃)At

x−�x, (3)

where the Courant number α̃ = u�t/�x and the diffusion number β̃ = k�t/�x2 are two non-dimensional stability
coefficients. In this notation �t denotes the time step and �x the grid spacing. The algorithm is stable if α̃ + 2β̃ ≤ 1
(e.g. [2]).
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2.2. Stable and explicit unified solver

The discretized version of the 1D advection–diffusion equation with constant stability coefficients for the new stable
and explicit scheme is

At+�t
x = βAt

x+�S + (1 − α − 2β)At
x + (β + α)At

x−�S, (4)

where α = (u�t/�S) and β = (k�t/�S2).
Note that this equation is analogous to (3) but with �S instead of �x. To obtain this Eq. (4), the spatial partial

derivatives are approximated by finite-differences along the distance �S, which does not have to be equal the grid
length �x and can be determined by imposing a fixed stability condition (1 − α − 2β) = δ (e.g. [2]). As referred above,
the von Neumann stability analysis shows that the scheme is stable if δ ∈ [0,1). Following this stability condition, an
expression for �S can be obtained:

1 − u�t

�S
− 2

k�t

�S2 = δ. (5)

This second order equation has two solutions for �S, one of which is negative and therefore neglected. Equations
for �S and corresponding β have then the form:

�S = u�t +
√

u2�t2 + 8k�t(1 − δ)

2(1 − δ)
, (6)

β = 4k�t(1 − δ)2

(
u�t +

√
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)2 . (7)

Introducing Eq. (5) into Eq. (4) leads to

At+�t
x = βAt

x+�S + δAt
x + (1 − β − δ)At

x−�S. (8)

The values of A at the points x + �S and x − �S can be found by interpolation from the original grid. It is also
convenient to describe β and �S as functions of the initial non-dimensional numbers α̃ and β̃:

�S = �x
α̃ +

√
α̃2 + 8β̃(1 − δ)

2(1 − δ)
, (9)

β = 4β̃(1 − δ)2

(
α̃ +

√
α̃2 + 8β̃(1 − δ)

)2 . (10)

The new scheme described by Eqs. (6)–(8) (or (8), (9) and (10)) is stable by design, since it imposes a fixed stability
condition, which leads to a new virtual grid where the explicit algorithm becomes stable. The values of the generic
variable in this virtual grid are obtained by interpolation from the original grid. The performance of the scheme depends
on the α̃ and β̃ numbers, the previously mentioned δ parameter and the choice of interpolation method, similarly to SL
methods and the T99 diffusion scheme.

Note that for the case of no advection (α̃ = 0), the �S and β parameters reduce to �S = √
(2k�t/(1 − δ)); β =

(1/2)(1 − δ) and are therefore equivalent to the values presented originally in T99 for the stable and explicit diffusion
solver. The full correspondence with Eq. (9) in T99 is achieved by setting δ to 2/3. For the case of no diffusion (β̃ = 0),
β becomes zero and �S= (u�t/(1 − δ)). The numerical scheme (Eq. (8)) reduces to At+�t

x = δAt
x + (1 − δ)At

x−�S .
This is identical to the SL method with the exception of the factor (1 − δ). In such a case, δ should be set to zero and a
deviation from this will generate spurious errors. This aspect will be further discussed in Section 3.2.

2.3. Fractional-steps version

In this section an alternative way for solving the 1D transport equation using the T99 stable and explicit diffusion
scheme is presented. The solution to the advection–diffusion problem is obtained using a fractional-steps approach.
A semi-Lagrangian method is used to discretize the advective term and the T99 method is used to solve the diffusion



564 M.L. Witek et al. / Mathematics and Computers in Simulation 79 (2008) 561–570

equation. Assuming that grid spacing is uniform and that the advection velocity u and the diffusion coefficient k are
constant the solution can be written as

At∗
x = At

x−u�t, (11)

At+�t
x = βAt∗

x+�S + (1 − 2β)At∗
x + βAt∗

x−�S, (12)

where β = (k�t/�S2). The stability of such a fractional-steps method is ensured by the properties of the semi-Lagrangian
scheme and the new diffusion algorithm: they are both stable by design.

The �S parameter in this case is given by �S = √
(2k�t/1 − δ), and imposing δ = 2/3 corresponds to the best

accuracy of the diffusion scheme, �S = √
6k�t. It is important to distinguish �S obtained with the fractional-steps

method from that obtained with the unified solver. In the latter case both α̃ and β̃ numbers affect the distance �S and
consequently the positions of the new virtual grid points. In a mixed advection–diffusion condition, the same �S value
will result in much stronger diffusion in the case of the fractional-steps method than in the new solver described in
Section 2.2.

3. Performance analysis

As was mentioned in Section 2.2 the accuracy of the new methods depends inter alia on the interpolation method.
The situation is similar to that existing in the semi-Lagrangian class of solvers, where the choice of interpolation
method plays an important role. This issue was already investigated in many publications (e.g. [8,13,20]) and therefore
will not be explored further in this study. In the performance analysis stage a cubic spline interpolation was used during
all simulations in order to derive tracer concentrations in virtual grid points.

3.1. The constant diffusion problem

In this section a simple situation is being considered in order to analyze in detail the behavior of the solutions of the
new method for a case with constant diffusion and a Gaussian initial state. The advantages of such simplified setting
include the existence of a simple analytic solution and that it will allow for a detailed study of the dependence of the
error on the few free parameters of the problem. In T99 this configuration has already been discussed, but no analysis
as the one being carried out was performed. Since this configuration will be extended in the following section in order
to include the advection component, a detailed understanding of its properties when only diffusion is being considered
is necessary in order to properly analyze the impact of the advection term.

In what follows, the sensitivity of the T99 scheme to two fundamental parameters of the scheme will be tested: (i)
the standard deviation of the Gaussian initial state σ0 and (ii) the distance �S obtained with the new algorithm. The
standard deviation of the initial Gaussian is related to the steepness of the horizontal gradient and is a property of the
flow: a larger standard deviation implies a smaller gradient. The distance �S is an important property of the numerical
algorithm and is connected to the diffusion coefficient: a larger �S implies a larger diffusion coefficient.

Fig. 1 shows the evolution (up to 50 time steps) of the integrated L2 norm error (in %) of three numerical schemes:
the stable and explicit T99 scheme, and two schemes that are both implicit in time but use finite-element or finite-
difference discretizations in space. The three panels in Fig. 1 represent situations with different initial Gaussian
standard deviations: σ0 = 10, 5 and 2.5. In each case the maximum initial amplitude is equal to 10 and the background
concentration equal to 1. For all the simulations the time step is 1 s and the grid-size is 1 m. This is the default setting
used for simulations presented in this manuscript that leads to stability coefficients for advection and diffusion that
are equal to their respective velocity and diffusion values. For this particular case the diffusion coefficient is 5 m2 s−1

which leads to a stability coefficient of 5. For all simulations presented in Fig. 1, it is assumed that β = 1/6.
Results in Fig. 1 confirm that the T99 explicit scheme is stable even for large values of the stability coefficient (in

this case 10 times larger than the stability limit). For larger values of the initial standard deviation it also produces
better results compared to the other schemes. The error associated with the new stable and explicit method is up to two
orders of magnitude smaller than with the implicit methods if the initial standard deviation is higher than 5. However,
the situation reverses when the initial standard deviation becomes smaller.

Similar results are obtained when the diffusion coefficient is changed while the initial standard deviation is kept
constant (results not shown). The change of the diffusion coefficient is reflected in the change of the distance �S. For



M.L. Witek et al. / Mathematics and Computers in Simulation 79 (2008) 561–570 565

Fig. 1. The evolution (up to 50 time steps) of the integrated L2 norm error (in %) of three numerical solvers of the diffusion equation: (i) the T99
stable explicit scheme, (ii) the implicit scheme with finite-element (FE) space discretization and (iii) the implicit scheme with finite-difference (FD)
space discretization. The initial state is defined as a Gaussian with maximum amplitude of 10 and three different initial standard deviation values:
(a) σ0 = 10, (b) σ0 = 5 and (c) σ0 = 2.5. The background concentration is equal to 1.

a weaker diffusion the results are more accurate then for larger values of diffusion. This discussion hints at a relation
between the error and a certain function of the ratio between the initial standard deviation and the distance �S. In
order to investigate if this is the case, the following simulations were performed: for specific values of the diffusion
coefficient multiple simulations were performed with a variety of initial standard deviations. The values for the diffusion
coefficients ranged from 1 to 7 whereas the standard deviation ranged from 0.5 to 10.5. For each simulation the L2
norm integrated error from the fifth time step was extracted.

Fig. 2 shows the error versus the ratio σ0/�S for three different values of the diffusion coefficient (1, 4 and 7).
All the error values seem to collapse along the same curve in a consistent manner. For a value of the ratio σ0/�S
equal to 1 the error is less than 0.1%. For decreasing values of the ratio σ0/�S there is a growth of the error asso-
ciated with oscillations in the solution. For larger values of the σ0/�S ratio there is a substantial decrease of the
error. The solid line represents a functional fit to the results that could allow for the estimation of the error for cer-

Fig. 2. The L2 norm integrated error (in %) after five integration time steps as a function of the ratio between the initial standard deviation and
�S. For diffusion coefficients equal to 1, 4 and 7, the distance �S equals 2.45, 4.90 and 6.47, respectively. The solid line is a fit in the form of
f(x) = exp(−20.3x3 + 30.8x2 − 19.4x + 4.4/x3 + 3.4x2 − 4.0x + 1.3), where x = σ0/�S. The dashed line represents a fit to the error obtained from the
linear finite-element implicit scheme fimplicit(x) = (0.9x3 − 5.8x2 + 10.9x + 0.16/x3 + 2.1x2 + 0.58x + 2.0), where again x = σ0/�S.
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tain values of the diffusion coefficient and the initial standard deviation without having to perform that particular
simulation.

Similar simulations to those presented for the new scheme were performed with our reference implicit finite-element
and finite-difference methods. In these cases the error is also only a function of the ratio σ0/�S. This is a similar behavior
to the one found for the new scheme even though the �S parameter is not used in the implicit methods. This suggests
that �S could serve as a more general scaling parameter for a diffusion problem, suitable for different numerical
approaches.

A functional fit to the finite-element method’s results is also presented in Fig. 2, with a dashed line. The results
from the finite-difference method (not shown) follow closely the line that corresponds to the finite-element method,
with only a small shift towards larger errors. Comparing the two curves from Fig. 2 is clearly visible that for values
of the ratio σ0/�S greater than about 0.5 the new scheme is much more accurate than the implicit finite-element (or
finite-difference) method. Encouraging is the fact that the new explicit scheme cannot only be stable for large diffusion
coefficients but also surpasses in accuracy the implicit scheme for a wide range of σ0/�S ratios.

3.2. The constant advection–diffusion problem

In this section an analysis of the new advection–diffusion schemes and their accuracy is presented. We concentrate
mostly on the solver presented in Section 2.2, which solves the transport equation in a unified manner. However, results
of the fractional-steps method are also presented. Both schemes are additionally compared to a finite-difference implicit
scheme with the advection term discretized centrally in space.

As an example, Fig. 3 (upper panel) shows the evolution of a Gaussian with an initial standard deviation of 7 with
a uniform advection and diffusion specified by the non-dimensional numbers α̃ = 5.5 and β̃ = 3.5. The δ parameter
is set to zero. The analytic solution (solid lines) and model results (dashed, dotted and dashed–dotted lines) obtained
with the three numerical schemes are displayed every 10 integration time steps. The advection direction is from right
to left and the initial Gaussian is centered on grid point 500.

The integrated L2 norm errors of the three numerical schemes for up to 50 integration time steps are presented in
the lower panel (open circles correspond to the results presented in the upper panel). The accuracy of the new method
is higher than that of the implicit finite-difference scheme. However, it produces results that are clearly worse than the
fractional-steps method, which gives the best accuracy from all the schemes. The fractional-steps results are hardly

Fig. 3. (Upper panel) The evolution of an initial Gaussian (every 10 time steps) as simulated with three different numerical schemes solving the
1D advection–diffusion equation: dashed line—the new stable explicit scheme, dotted line—the finite-difference implicit scheme, dashed–dotted
line—the fractional-steps version, solid line—analytic solution. The initial state is defined by a Gaussian with a standard deviation 7 and amplitude
10; the background concentration is 1. The advection velocity is 5.5 m/s and the diffusion is 3.5 m2/s. The results of the fractional-steps version are
hardly distinguishable from the analytic solution. (Lower panel) The time evolution of the integrated L2 norm errors (%) produced by each of the
solvers. Open circles correspond to results presented in the upper panel.
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Fig. 4. The L2 norm error of the stable explicit advection–diffusion solver after five integration time steps obtained with diffusion and advection
values varying in such a way that a �S is always equal to the initial Gaussian standard deviation σ0. Different lines represent different initial standard
deviations: 10, 9, 8, 7 and 6, respectively. The initial amplitude is 10.

distinguishable from the analytic solution. This is partially due to the fact that the �S parameter generated with this
scheme (only for the diffusion term) is much smaller than the one produced with the more unified solver, since it does
not contain the advection term. As will be shown, the error of the scheme depends on the �S parameter.

Previously it was shown that for the diffusion case the error depends only on the ratio σ0/�S. In the
advection–diffusion case, the �S parameter is a function of both advection and diffusion values. The same value
for �S can be achieved with a variety of combinations of α̃ and β̃. Fig. 4 shows the error (after five integration time
steps) of the new advection–diffusion scheme as a function of the diffusion coefficient β̃ for varying advection and
initial standard deviation values. The Courant number for each diffusion value is such that the �S number derived from
Eq. (9) is equal to the Gaussian’s initial standard deviation σ0.

Each of the lines in Fig. 4 represents simulations with different initial standard deviations. The error of the new
scheme depends on both the diffusion and advection coefficients, even if they correspond to the same �S. The error
reaches the maximum for some specific configuration of α̃ and β̃ and decreases for all other advection and diffusion
values leading to the same �S. This behavior can be understood by investigating two extremes in an advection–diffusion
problem: an advection-dominated case and a diffusion-dominated case. In the case of pure advection the new scheme
reduces to a semi-Lagrangian scheme. Therefore, an accurate semi-Lagrangian advection solver will dominate even
if some diffusion is present. This can explain the error reduction on the left side of the maxima showed in Fig. 4. The
right side decrease, on the other hand, is related to the increasing influence of diffusion over advection, in which case
the error approaches small values representative for pure diffusion and described in Section 3.1. Therefore, the higher
error is obtained for a more ‘mixed’ advection–diffusion situation.

However, the maximum error attained by any configuration in Fig. 4 seems to be independent of the initial standard
deviation values. This result suggests a possible relationship between the maximum error and σ0/�S, somehow similar
to the one presented in Section 3.1. To investigate if this is the case, several simulations were performed with the
key parameters being in the following intervals: σ0 = (5, 12), �S = (σ0 − 3, σ0 + 3), α̃ = (�S − 3.5, �S − 0.5) and
β̃ = 0.5�S(�S − α̃). For each of the configurations with a fixed σ0 and �S, and varying α̃ and β̃, we found the
maximum error produced by the scheme. These errors are presented in Fig. 5 as a function of the σ0/�S.

The error values collapse along the same line, which clearly shows that the maximum error produced by the new
stable advection–diffusion scheme depends only on the σ0/�S parameter. However, this maximum error is obtained
only with specific configurations of the α̃ and β̃ parameters, and the more advective or more diffusive is the problem,
the smaller the error produced by the new scheme.

The accuracy of the fractional-steps method is much higher than that of the unified solver, as illustrated by the black
dotted–dashed line in Fig. 5. Errors of the fractional-steps scheme correspond to errors generated by the diffusion scheme
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Fig. 5. The maximum L2 norm error (after five time steps) produced by the stable advection–diffusion scheme as a function of the ratio between
σ0 and �S (the values of α̃ and β̃ are constrained in such a way as to generate the same �S value). The black solid line represents a fit to the
results: f(x) = (−4.45x2 + 27.2x − 10.0/x2 + 0.497x − 0.412), where x = σ0/ΔS. The dotted–dashed line is the similarly obtained maximum error but
produced with the fractional-steps version.

alone. Indeed, when the parametric equation from Fig. 2 that corresponds to the new diffusion scheme is applied to
the error presented in Fig. 5, almost a perfect match is achieved (results not shown). The error for the advection solver
is marginal compared to the diffusion error and therefore does not substantially affect the total accuracy.

It was previously mentioned that the accuracy of the new method depends also on the δ parameter. So far we
assumed this parameter to be zero, but in a general case it can take values from 0 to less than 1 to assure stability of
the scheme. In a pure diffusion problem, for instance, the most accurate results are obtained with δ set to 2/3. The δ

parameter determines the influence of the central point in deriving concentrations in the following time step. Below an
investigation of how the error of the new unified advection–diffusion scheme depends on the δ parameter is presented.

Fig. 6 presents the integrated L2 norm error (in %) of the new scheme after five integration time steps. Simulations
for different diffusion coefficients ranging from 1 up to 10, and different advection coefficients ranging from 0 to 0.4

Fig. 6. The L2 norm error of the new advection–diffusion scheme after five integration time steps as a function of the diffusion coefficient. Different
line shades and line markers denote simulations with fixed Courant number: 0, 0.1, 0.2, 0.3 and 0.4. The solid lines represent simulations with δ = 0
and the dashed lines with δ = 2/3. The thick black x-marks indicate the crossing points.
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were performed. The initial Gaussian standard deviation is 7 in all cases and the maximum amplitude is 10. In Fig. 6
the solid lines represent simulations where the δ parameter was set to 0. The dashed lines are for the simulations with
the δ parameter equal to 2/3. Several other simulations with the δ parameter between 0 and 2/3 were also performed,
but the error was always in between the values obtained with δ set to 0 or 2/3 (results not shown). These results suggest
that only with these two choices of the δ parameter can the minimum error be achieved.

As can be seen in Fig. 6, for each value of the Courant number the solid and the dashed lines cross each other at
some specific value of the diffusion coefficient. This crossing point determines whether the scheme is more accurate
with the δ parameter set to zero, or to 2/3. If there is no advection (plain and dashed black lines), imposing δ = 2/3
gives better results for all diffusion values. But if the Courant number is 0.1 (plain and dashed gray lines), there is a
range of β̃ for which the error is smaller for simulations with δ = 0 instead of 2/3, as indicated by the crossing point of
the solid and dashed gray lines. For higher values of advection this range shifts towards larger diffusion values. For
α̃ = 0.4 the scheme with δ set to 2/3 produces smaller errors only when the diffusion coefficient is larger than 10 (black
triangled and dashed-triangled lines). These results indicate that the δ parameter should be set to 2/3 only if α̃ � β̃.
Such behavior is understandable when we recall that the δ parameter specifies how strong is the influence of the central
point of the stencil on the following time step (see Eq. (8)). For a pure advection case, when the new scheme reduces
to a semi-Lagrangian method, any incursion of the central point would generate spurious errors. Quantitatively this
relation can be expressed as: δ = 0.0 if α̃ > −6.8 × 10−4β̃2 + 4.8 × 10−2β̃ − 3.1 × 10−2.

4. Summary

In this paper a stable and explicit method for integrating the diffusion equation, originally proposed in Teixeira [16],
is extended to solve the advection–diffusion equation. The main purpose of this work is to highlight the potential of
such an approach for advection–diffusion equations.

As a preliminary study of the diffusion equation, a simple case with constant diffusion coefficients was explored
in some detail. It was shown that for the diffusion of a normally distributed tracer, the error produced by the stable
and explicit method is a function of the two free parameters of the problem. In practice it is a function of the ratio
between σ0 and �S. Larger values of this ratio lead to very accurate results when compared to implicit methods, while
lower values can lead to results that are less accurate than with the implicit method. A physical interpretation is that
the scheme is more accurate when there is weak diffusion or the tracer’s gradient is small and less accurate in the case
of strong diffusion or when the concentration gradient is substantial.

Two stable and explicit schemes to solve the transport equation were proposed: (i) a more ‘unified’ scheme where
the advection–diffusion equation is solved with a single numerical algorithm; and (ii) a fractional-steps approach that
uses the T99 stable and explicit method for the diffusion and a semi-Lagrangian method for the advection. The unified
approach was explored in detail and its results were compared to an implicit finite-difference scheme. It was shown
that the error produced by this solver varies depending on advection and diffusion values and the δ parameter. However,
for a combination of advection and diffusion numbers (that lead to the same �S) the maximum error depends only on
the ratio between σ0 and �S. It was argued that the more diffusion– or advection-dominated the problem, the smaller
the error generated by the explicit advection–diffusion scheme. Better results were obtained with the δ parameter set
to zero, except for conditions where diffusion highly dominates over advection, in which case δ should be set to 2/3 to
minimize the error. The fractional-steps version gave better results in all analyzed situations, with errors having similar
characteristics to the diffusion-only scheme.
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